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CHAPTER 1

ALGEBRA

INTRODUCTION

You should already be familiar with many of the ideas explained in this chapter from earlier
work covered in Years 7 and 8. Algebra is a very important branch of Mathematics which
involves the study of ‘pronumerals’ — i.e. letters which can represent numbers, in‘ an
expression. Algebra is used in many other topics in Maths, (e.g. index laws, equations,
formulae, etc.) and therefore it is essential that you obtain a thotough understanding of this
initial chapter.

Algebraic expressions (whieh involye pronumerals and
numbers) are formed using exactlythedame steps as arithmetic
expressions (which ingolve numbers only). Therefore algebra
1s a generalised extension of simple-arithmetic.

In each example below, the steps te the solution of a problem are firstly shown using
ordinary numerals. These steps arc then applied in exactly the same way using pronumerals.

Example: The average of 10 and 6 = e
+
The average of x and y = %
Example: The cost of 5 bananas at 40 ¢ each = (5 x 40) cents
% The cost of p bananas at 40 ¢ each = p X 40
=40p cents
Example: If I walk 10 km in 2 hours my speed = % km/h

. If I walk m km in »n hours my speed = = km/h
n

Example: A man now aged 30 years, will in 7 years = (30 + 7) years old
A man now aged x years, will in 7 years = (x + 7) years old

Example: The next two odd numbers after 11are 11 +2, 11 +4
\L The next two odd numbers after odd y are y + 2,y + 4

/
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SUBSTITUTION

Substitution has been covered in previous years, and this section is only meant to be a brief
review of what you should already know. Always keep in mind that ‘pronumerals’ or
‘letters’ in algebra represent numbers.

If the numerical value of each letter is given to you in an
algebraic expression, then it is a simple process to
substitute in the numbers for the corresponding lette
and hence find the value of the expression.

1
Example: Ifa=3,b=-4,c=2,d = 5 find the value of the followin

() 3a+2b (i) b*+d®

(v) abed (vi) d(b-c

Solutions: @ 3a+2b (ii)

=3x3+

(vi) d(b-c)
=3><—4><2xl
2
=13
b (viii)  3b% +ac
=3><(—4)2 +3x%x2

=48 +3x2
=32




( ADDING AND SUBTRACTING IN ALGEBRA A

“LIKE TERMS” in algebra are letters, or groups of letters, which are identical except for
the leading number in front.

For Example: S5a, —2a, Ta are all like terms

—3ab, 6ab, 2ab are all like terms

8x2, 3x2, —x2 are all like terms
“UNLIKE TERMS” contain different letters or groups of letters '
For Example: 7a, 3b, —4ab are all unlike terms

S5c, —6d, 2ac are all unlike terms

4x2, 3x, 2 are all unlike terms

In algebra, one can onlyadd or subtract like terms

Example: Simplify 8x2 — 3x + 2x2 +.5x — 4

-3x @ + 5x A=10x2+2x—4

+ 8x2 and + 2x2 are like terms O
— 3x and + 5x are like terms D

Examples: Simplify the following expressions by adding or subtracting like terms:

‘ D 2x+3y+5x+y =Tx+4y
(i) 6m-3n+2m+5n = 8m+2n
(ili) 6a-3b-2a-6b = 4a—-9b
(iv) 8ab+5b-10ab—-2b = —2ab + 3b
V) Sx2-Tx+x2+4x-8 =6x2-3x-8

NOTE:

N The sign always belongs to the term directly after it. y
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MULTIPLYING AND DIVIDING PRONUMERALS

The main differences between algebra and ordinary numerals occur in the way multiplication
and division is written. In algebra, the multiplication sign is left out. Also with division, the
sign is usually left out and the expression is written in fraction form.

REMEMBER:

In multiplication p X g is written pgq.

- N 4
In division, p + g is written ;

Examples: Simplify the following expr

(i) -8x2m=-16m ive times positive = negative

= ¢%. Number is always

written in the front.

Negative + positive = negative

Divide top & bottom by 2a.

Divide top & bottom by S5m.

240 -3x-2x-4=-24 axaxa=a>

4 2
( “b; = =2q (4ab)® = 4ab x 4ab
8ab

NOTE: Simplifying algebraic fractions is done in the same way as ordinary fractions, by
dividing the numerator and the denominator by the highest common factor.




ADDING AND SUBTRACTING ALGEBRAIC FRACTIONS

In earlier sections, you have already learned how to perform the 4 operations (+— X +) on
simple algebraic expressions. Now it is necessary to know how to perform the 4 operations
(+ —x+) on ALGEBRAIC FRACTIONS.

The steps required are exactly the same as with ordinary fractions.

(1) Where necessary, rewrite each fraction
with a common denominator.

(i1) Then add or subtract the numerators.

(i) Where possible, simplify the resulting
expression by cancelling d

Examples: Simplify the following expressi
hasac n denominator.

btract the numerators.

Lowest common denominator = 35.

Add the numerators.

Lowest common denominator = 15b.

Subtract numerators.

Lowest common denominator = 8.

x4+l x4+l 2x+2
4 8 8

Expand brackets & simplify.




MULTIPLYING ALGEBRAIC FRACTIONS

The steps for multiplying algebraic fractions are exactly the same as for ordinary numerical
fractions.

(1) Multiply out the numerators.

(11) Multiply out the denominators.

(iii) Simplify where possible by cancelling do

Examples: Simplify the following:

. m 2
i —X—
® 3 x

’s cancel each other

out to leave 5

20 . . 2
— simplifies to —
30 3

a 3b 4c 96abc
P Sy —
5 3a 15ab
8

The ‘ab’ cancel each other

96 , .. 32
— simplifies to —
15 5

3x2y y 8a> B 24x2ya’
2a  5xy  10axy

12xd°

(v)

ca simplifies to %




DIVIDING ALGEBRAIC FRACTIONS

Once again, the steps for dividing algebraic fractions are exactly the same as for ordinary
numerical fractions covered in Year 7.

(i) Change the division sign to a multiply sign.

(i1) Turn the second fraction upside down.

(iii) Now multiply as shown on the opposite pag

These steps are usually remembered by students as
“INVERT AND MULTIPLY”

Examples: Simplify the following:

) m n m 6
(i) Tes=Dx2
2 6 2 »n

d mul

plifies to 3

The a’s cancel. Also 4—0 =10

Invert and multiply.

The a’s cancel.

Invert and multiply.
x2

— simplifies to x
X

y3

= simplifies to y2
¥




(REMOVING GROUPING SYMBOLS 0

“Grouping symbols” means exactly the same as “BRACKETS”. You will often be asked
to remove grouping symbols from a particular algebraic expression.

This is done by multiplying the term outside the brackets by each of the terms inside the
brackets.

The word “EXPAND” is often used instead of “remove grouping symbols”.

THE GENERAL RULES

alb+c) = aXb+aXc = ab+ac '

alb—c) = axXxb—-aXc = ab®ac

Examples: Expand the following:
(1) 6(@a-3) = 6Xa-6x3
= 6a—18
(i) 4dm(m+9) = dmxm +4m xS
= dm2 +20m
(iii) (=S5@+2) = -S5xp+(E=5)x 2
=-5p-10

(iv) —-3QaS9h= —-3%2a+ (-3)x(-95)
= -6a+15

(v) £ =(2+3y) = —1(2 +3y)
=—1X2+(=1)xQ3y)
=-2-3y

The last three examples are important to understand because they occur regularly in
algebra.

A minus sign outside of a bracket
reverses the sign inside of the bracket.

\_ W,
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Examples:

(1)

(i)

(iii)

(iv)

V)

(vi)

\

MORE DIFFICULT EXAMPLES

In the examples on this page, it is first necessary to expand the brackets in the usual way.
Then the resulting expressions are simplified by adding or subtracting the like terms.

Remove grouping symbols from the following, and simplify the resulting
expressions:

S5x+3)+4(x-2)
=5x+15+4x-8
= 9x+7

42a—-3)+3(a+2)
= 8a-12+3a+6
= 1la=6

x2(2x — 5) +3x(4- 5x)
=2x3 <5x2 + 12x — 15x2
= 2x9 = 20x2+ 12x

S5@m +4)—3(m +5)
=10m +20 - 3m - 15

=Tm+5

S(p — NP4(p - 3)
6p —30 —4dp + 12
2p— 18

Ax2x—-4) -3 -2x)
=3x(2x—-4)-1(3 —2x)
=6x2-12x -3+ 2x
=62 —10x—3

NOTE: Once again, watch the signs carefully when there is a minus sign outside of the
bracket, as shown in the last two examples. When the brackets are removed, the
minus sign outside the bracket has reversed the sign inside the bracket.

Remove brackets
Add like terms

Remove brackets
Add like terms

Remove brackets

Add like terms

Remove brackets

Note: —3 X +5 = —-15

Remove brackets

Note: —4 X —3 = +12

Place a 1 outside — (3 — 2x)
Remove brackets

-1 X -2x = +2x

W,
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( LEVEL 1 — ALGEBRA
Note:  Only turn back to page number if you have difficulty Page
Q1. (a) A cartravels y km/h for x hours. How far does it travel? 1
(b) Two angles of a triangle are x° and y°. What is the size of the
third angle?
(c) Three people have $x, $y and $z respectively. What is their
average wealth?
Q2. Hp=06,¢=2,r=4and 5=3, find; 2
(a) ps+gqr (b) pgrs () «/2p+r
1 1
(d) 2(p+q)—r2 (€) Sr+2g-3s (f) —2—pq+§rs
Q3. Simplify: 3
(@) 5x+3x2—-2x +6x2 (b) p%%2p—5 — 6p + 3p2
(c) 6xy —5x + 4y — 3xy (d) x% + 3y +3xy — x2 + 5xy
Q4. Simplify: 4
1
(@) Saxbx3c (b) 6p><4q><5p (c) 3xyx—5x
(d) 16mn+2n (€) 4x’y = 2x ()24abe + 2ac
Q5. Simplify: D
m m ¥ 2 2a a
(a) —+— b), —=— c) —+—
2 4 & 3 4 el s 2
a b 3x 2y m 2m
d) =+— e) ——— ———
x 2l W 3 B 3 7
Q6. Simplify: 6,7
X X S b 4 3
(a) =R b) —x— Cc) —x~—
20 4 & a 10 = m 2n
a _ a 2x X 4 3n
) —N. () —+— AP el
3/ 4 ) 3 6 o m m
Q7. Expand the following: 8,9
(@) 5x+2) (b) 32a-1) (c) 2y(y+3)
(d) 43 -x) e —2(m+n) () b(2-3b)
Q8. Expand these binomial products: 10, 11
(@ x+2)(x+1) (b) x—1)(x-3) (c) (m+3)(m-4)
\ (d) (@+3)(b-2) € (m-9n+2) ) (b-2)(a+2)

Understanding Year 9 & 10 Advanced Maths
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( LEVEL 1 — POLYNOMIALS

Note:

Only turn back to page number if you have difficulty

Page

Ql.

Q2.

Q3.

Q4.

Qs.

Q6.

Q7.

Q8.

Q9.

Which of the following expressions are not polynomials:
@) 2x° +5x> +9 0)3x* +(x=32  ©x*+3"=x2
P +2x7-3x (VB 4362410 (H3x2+2x 145

For each polynomial state the degree, leading coefficient and
constant term:

(@) 5x3+9x—2x2+5 (b) 6x2—x3-5 (c) 15x% —3x5 + 2x2 — 4x
(d) 8—x2+3x—-x0 (&) ™5—-4x2 (f) TxX¥5-2x2+5x3-6

For each polynomial function find P(- 1), P(1) and P(2):

(@) P)=4x2+3x-7 (b) P(x)=16-3x__(c) P(x)=x8—3x + 5x2
d) Px)=6x4-5x3-2x (e) P(x)=5x541 ()P(x)=1-x + 2

If P(x) =202 - 3x + 1, Q(x) = x3 + 2x and R(x) = 2x3 — 5, find:
(a) P(x)+Q(x) (b) P(x) - R(x) »(e) P(x)+O(x)+ R(x)
(d) P(x) - 0(x) - R(x) ()P(x)-0(x) . () O(x)-R(x)

Sketch the following polynomials:

@ y=x+3)x£Hx-2) (b) y=&-3)(x +1)4-x)
(€) y=x(x-3)? (@ y=0G+4x-2)(x+1)2
() y=x(x+5)x - DE=23) B y=-x2(x-3)(x +3)

Complete the divisions below and express them in the form

P(x) ="Ax) Q) + R(x):

(@) (5x2'+ 15x #8) ~ (x+3) (b) (6x2-9x +10) + (x— 1)
(€) @332 +5x -4+ 2x+1) d) Tx3+3x-3)+(x+1)

Use theremainder theorem to find the remainder in each case:

(@) Bx2+5x+2)+(x+2) (b) (B3 -2x2+4x+6)+ (x—3)
©) QBA=5x2+10x~5)+(x—-1) (d) @ +3x3+2x-4)+ (x +4)
Find the factors of the following polynomials:

(@ x3-7x-6 (b) X¥3+22-x-2

(€) 3x3—-4x2-35x + 12 (d) 2x3+3x2-11x-6

() 2x3—x2-32x+16 () x3+3x2+7x+ 10

Find the real roots of these equations:

(@ xX3-x2-x+1=0 (b) B-Tx-6=0 (c) 3-4x2+4x=0

269

269

269

270

272

273,274

275

276, 2717

278

,
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